e content for students of patliputra university
B. Sc. (Honrs) Part 2 paper 3
Subject:Mathematics

Title/Heading of topic: Cauchy Sequence,
Cauchy general principles for convergence
By Dr. Hari kant singh

Associate professor in mathematics

Rrs college mokama patna



Cauchy Sequence

Definition 0.1. A sequence {z,} of real numbers is said to be Cauchy sequence if for every ¢ > 0

there exists N € N such that if nnm > N = |z, —2m| < &.
A sequence is Cauchy if the terms eventually get arbitrarily close to each other,

Example 0.1. The sequence {f;} is Cauchy. To see this let £ > 0 be given. Choose N € N such that

?i""':f Now, ifrirr1}N==-|-——|{l+l{i+i=s.

el L

Example 0.2, The sequence {;E*_-r} is Cauchy. To see this let £ > 0 be given. Choose N € N such that

1 £ T - | 0 l=m=1 m=n i [ £
N < 3" NU\'-", if n,m> N = |u+1 - m+1| |iﬂ+1jilﬂ+li| o | TRl | + r < 2 + 2 £.

Lemma 1, Let sequence {x,} be a Cauchy sequence of real numbers. Then {z,} is bounded.

Proof. Since {z,} is a Cauchy sequence, then there exists N € N such that if n,m > N = |z, — 2, < 3.

fnm>N= |2y —2zm| <3
letm=N+1n>N=|z,—zn41| <3 Note: |zn| = |zN+1] € |20 — N4
= |Tn| = |ZN41] € |20 = N3] < 3
fn>N=|z,| <3+ |2yl
Let M = max{|x1|,|z32|, - |zn], |2x+1| + 3}
Now,ifn> N = |z,| <3+ |zny41| € M
Now, if n € N = |z,| < max{|z,|,|za|, - |zn|]} M

Thus Y n €N, |z,| < M.



Theorem 0.1. [Cauchy Convergence Criterion]

A sequence of real numbers is convergent if and only if it is a Cauchy sequence.

Proof. Let {x,} be a sequence of real numbers.
(=) Suppose that lim,, .. r, = r € R. We want to show that {r,} is Cauchy sequence.
Let £ > 0 be given. Since :“-Egu:"=r SLINeEN >

ifn:-N=|:_—:|::§

Alan,ifm:-ﬂal;rm-.rl{%.

£
Now,ifnm>N=2 |z ~2m|=|ltn~2+r-2m|Slta-2|+|tm=-2| < =+

R
e

Thus {x, } is a Cauchy sequence .
(¢=) Suppose that {r,} is a Cauchy sequence.We want to show that {r,} is convergent.

Let £ > 0 be given. Since {z,} is a Cauchy sequence, then by Lemma 1 it is bounded.
Hence {r,} has a converge subsequence {r,,, }. Suppose IrIim Tes =T ER
—

There exist Ny, N2 €N 3 ifn.m::-M:ﬁ-l:..-:..lf.%

and, if k > Nz = |n, — 2| < ;

Now, fix k > Nz such that nx > N, and.ifn::N1=-|:.-:.k|{% and;:..-ﬂ::;

: £ £
wa|fﬂ}ﬂl=|:ﬂ-:l=lrﬂ-IH*"’IH.-IIEIIH-:n.I‘FIIn.-II{E+E=E.

Thus {x,} converges . O
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Example 0.3. Prove that any sequence of real numbers {r, } which satisfies

|y = Zus1| =35, ¥ n € Nis convergent.

Proof.

Em>n=|z, | =|Zn —Zns1 + Tns1 F Tniz+ oo+ Ty — Tl

< |2n = Zag1| + |Zas1 + Zni2| + ... + |Zm-1 = Zm]
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Let & > 0 be given, choose N € N such that — < <.

Now,ifnm > N = |zp — zm]| < < €.

sn—1

Thus {r. )} is convereent

Note that: (l -

5'.-'"

)::1



